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a b s t r a c t
Let G be a connected graph and let S be a set of vertices in G. The
Steiner distance d(S) of S is the minimum size of a subtree of G
containing S. Such a subtree of size d(S) is a Steiner tree for S. The
set S is g-convex if it contains the set of all vertices that lie on
some shortest u–v path in G for every pair u and v of vertices in
S. The set S is k-Steiner convex, denoted by gk-convex, if for every
k-element subset R of S, every vertex that belongs to some Steiner
tree for R is also in S. Thus, S is g2-convex if and only if it is g-
convex. In this paper, we distinguish three local convexity notions
for g3-convexity and we characterize the graphs for which two of
these conditions hold. For the third condition we determine some
necessary conditions and some sufficient conditions for the graph
class satisfying this condition.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
This paper is motivated by the work on convexity in graphs from [4,5,3,1,7]. We begin with an
overview of convexity notions in graphs. For a more extensive overview of other abstract convex
structures see [9].
Let V be a finite set andM a collection of subsets of V . ThenM is an alignment of V if and only ifM
is closed under taking intersections and contains both V and the empty set. IfM is an alignment of V ,
then the elements ofM are called convex sets and the pair (V ,M) is called an aligned space. If S ⊆ V ,
then the convex hull of S is the smallest convex set that contains S. Suppose X ∈ M. Then, x ∈ X is
an extreme point for X if X \ {x} ∈ M. The collection of all extreme points of X is denoted by ex(X). A
convex geometry on a finite set is an aligned space with the additional property that every convex set
is the convex hull of its extreme points. This property is referred to as the Minkowski–Krein–Milman
property (MKM property).
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Fig. 1. 3SS vertices.
Most known graph convexities are defined in terms of some type of interval notion. The two most
well-known graph convexities are the ‘geodesic’ and ‘monophonic’ convexity introduced by Farber
and Jamison [4]. A set S of vertices in a graph G is g-convex (m-convex) if it contains the geodesic
(monophonic) interval between every pair of vertices in S; where the geodesic (monophonic) interval
between a pair u, v of vertices of G is the collection of all vertices that belong to some shortest
(respectively, induced) u–v path. In [3], yet another type of interval notion is introduced that yields
another convexity associated with the vertex set of a graph. Characterizations of graph classes for
which these graph convexities are convex geometries are given in [4,3].
In [1], Cáceres and Oellermann introduce a graph convexity that is formulated in terms of ‘Steiner
trees’ in graphs. Let G be a connected graph and let S be a set of at least two vertices in G. In [2],
the Steiner distance d(S) of S is defined as the minimum size among all connected subgraphs of G
containing S. If H is a connected subgraph of G such that S ⊆ V (H) and |E(H)| = d(S), then H is
a tree, called a Steiner tree for S. The Steiner interval I(S) of S is the set of all vertices that belong to
some Steiner tree for S. Steiner intervals have been studied in [6–8] and elsewhere. A set S of vertices
in a graph G is defined, in [1], to be k-Steiner convex, denoted by gk-convex, if the Steiner interval of
every set of k vertices of S is contained in S, i.e., if I(R) ⊆ S for every k-element subset R ⊆ S. Thus,
S is g2-convex if and only if it is g-convex. Those graphs for which the g3-convex sets form a convex
geometry are characterized in [7].
The extreme vertices of a g3-convex set S are characterized in [1] as being precisely those that are
not the centre of an induced claw, paw or P4 in the subgraph induced by S, see Fig. 1. A vertex of a
graph that is not the centre of an induced claw, paw or P4 is called a 3-Steiner simplicial (or 3SS) vertex
of the graph.
The focus of this paper is on ‘locally g3-convex graphs’. Before defining notions of local convexity
we introduce some additional useful terminology.
Let G = (V , E) be a graph with vertex set V and edge set E, and let v be a vertex in V . The open
neighbourhood of v is the set N(v) = {u ∈ V | uv ∈ E} and the closed neighbourhood of v is
N[v] = {v} ∪ N(v). For a set S ⊆ V , its open neighbourhood is the set N(S) = ∪v∈S N(v) and its
closed neighbourhood is the set N[S] = N(S) ∪ S. The vertex v in G is simplicial if its neighbourhood
induces a complete subgraph. If X, Y ⊆ V , then the set X is said to dominate the set Y if Y ⊆ N[X]. For
a set S ⊆ V , the subgraph of G induced by S is denoted by G[S].
If G does not contain a graph F as an induced subgraph, then we say that G is F-free. Further, if F
is a family of graphs, then we say that G is F -free if G is F-free for every graph F ∈ F .
An elementary subdivision of a nonempty graph G is the operation of removing some edge uv and
adding a new vertex w and the edges uw and wv. A subdivision of G is a graph obtained from G by a
sequence of elementary subdivisions (including the possibility of none). Hence a subdivision of G is a
graph obtained by inserting vertices (of degree 2) into the edges of the graph.
A subgraphH of G is isometric if the distance between any pair of vertices inH is the same as that in
G, i.e., if dG(x, y) = dH(x, y) for every pair of vertices x and y in H . For any tree T and any two vertices
x and y in T , we denote by T [x, y] the unique x–y path in T .
Let G = (V , E) be a graph and let v be a vertex in V . For k ≥ 1, the kth closed neighbourhood Nk[v]
of v in G is the set of all vertices within distance k from v in G, i.e., Nk[v] = {u ∈ V | dG(u, v) ≤ k}.
Thus, N[v] = N1[v]. For a set S ⊆ V , its kth closed neighbourhood Nk[S] is the set of all vertices within
distance k from some vertex of S in G, i.e., Nk[S] = ∪v∈S Nk[v]. Thus, N[S] = N1[S].
Let C be a cycle in a graph G. A chord of C in G is an edge of G joining nonconsecutive vertices
of C . A bridge of C is a shortest path in G joining nonconsecutive vertices of C which is shorter than
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Fig. 2. The family F of six forbidden graphs.
both of the paths in C joining those vertices. Thus a chord of C is a bridge of C of length 1, while a
bridge of C might not be a chord of C . A cycle is bridgeless if it has no bridges. A graph G is bridged if
every cycle of length at least 4 has a bridge. A cycle C is well-bridged at a vertex u ∈ V (C) if either the
two neighbours of u on C are adjacent in G or there is a bridge of C from u to v in G for some vertex
v ∈ V (C), i.e., dG(u, v) < dC (u, v). The cycle C is well-bridged if it is well-bridged at every vertex
of C . An antipode of a vertex u on the cycle C is a vertex v on C at maximum distance from u on C ,
i.e., dC (u, v) = b|C |/2c. Note that any vertex on a cycle has either one or two antipodes on the cycle.
As was noted by Farber and Jamison in [5], there is a bridge of C from a vertex u ∈ V (C) if and only if
for some antipode v of u on C , we have dG(u, v) < dC (u, v).
Farber and Jamison [5] distinguished four local convexity notions for g-convexity. In this paper,
we consider the same local convexity notions for g3-convexity in a graph G = (V , E). We state these
conditions for any convexity associated with the vertex set of a graph:
N[v] is convex for every v ∈ V . (1.1)
Nj[v] is convex for every v ∈ V and every j ≥ 1. (1.2)
N[S] is convex for every convex set S ⊆ V . (1.3)
Nj[S] is convex for every convex set S ⊆ V and every j ≥ 1. (1.4)
It was observed in [3] that condition (1.4) is equivalent to (1.3) for any convexity associated with
the vertex set of a graph. Hence we shall focus our attention on conditions (1.1) through (1.3). It is
clear that (1.2) implies (1.1). We observe that (1.3) implies (1.2) for any convexity associated with a
graph that contains all singletons.
Observation 1.1. Suppose that G = (V , E) is a graph and (V ,M) an alignment of G such that {v} ∈M
for all v ∈ V . Then (1.3) implies (1.2).
Proof. This can be proven by induction on j and using the fact that {v} is convex for all v ∈ V . 
In this paper we characterize the graphs that satisfy Condition (1.1), and those satisfying
Condition (1.3). For Condition (1.2) we establish conditions that are necessary and others that are
sufficient. These results are described in terms of forbidden subgraphs. Let F be the family of six
graphs shown in Fig. 2, where K ∗2,3 denotes the graph obtained from K2,3 by adding an edge joining
two degree-2 vertices. The graphs K2,3 and K ∗2,3 are called twin C4s. The two vertices of a twin C4 that
belong to all three 4-cycles of that twin C4 are called its special vertices.
2. Condition (1.1) and g3-convex sets
In this section, we characterize the graphs for which Condition (1.1) holds relative to the g3-convex
sets.
Theorem 2.1. Let G = (V , E) be a graph. Then the following are equivalent:
(1) G is (house, twin C4)-free.
(2) N[v] is g3-convex for every v ∈ V .
Proof. Suppose that G satisfies Condition (2). If v is a special vertex of an induced twin C4 or a vertex
of degree 3 in an induced house in G, then N[v] is not g3-convex, a contradiction. Hence, G is (house,
twin C4)-free, i.e., G satisfies Condition (1).
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Suppose that G satisfies Condition (1). Let v ∈ V and assume thatN[v] is not g3-convex. Then there
exist a subset R = {a, b, c} ⊆ N[v] and a Steiner tree T for R such that T contains a vertex x not in
N[v]. Hence, d(R) = 3, R ⊆ N(v), G[R] is disconnected and V (T ) = R ∪ {x}. Renaming vertices if
necessary, we may assume that ac, bc 6∈ E and that {bx, cx} ⊂ E(T ). Hence either E(T ) = {ab, bx, cx}
or E(T ) = {ax, bx, cx}. But then G[R ∪ {v, x}] is a twin C4 or a house, a contradiction. Hence, N[v] is
g3-convex for every v ∈ V , i.e., G satisfies Condition (2). 
3. Condition (1.3) and g3-convex sets
In this section we will assume that the convex sets of Condition (1.3) are g3-convex sets. In order
to characterize the graphs for which Condition (1.3) holds, we first introduce a new local convexity
condition:
N[S] is g3 − convex for every S ⊆ V with |S| ≤ 2. (1.3′ )
Since every set S of cardinality at most 2 is vacuously g3-convex, this new notion of local convexity
seems at a first glance to be weaker than Condition (1.3), but they are, in fact, equivalent. We shall
prove:
Theorem 3.1. Let G = (V , E) be a graph. Then the following are equivalent:
(1) G satisfies Condition (1.3).
(2) G satisfies Condition (1.3
′
).
(3) G is F -free.
Proof. Clearly (1) implies (2). To see that (2) implies (3), suppose that G satisfies Condition (1.3′). We
show that G is F -free. As shown in the proof of Theorem 2.1, G is (house, twin C4)-free. Let H be an
induced subgraph of G. If H = C5, let u and v be two adjacent vertices in H . If H is the P-graph, let
u be the degree-1 vertex in H and v a vertex at distance 2 from u in H . If H = P5, let u and v be the
two vertices at maximum distance 4 apart in H . In all three cases, the set N[{u, v}] is not g3-convex, a
contradiction. Hence, G is also (C5, P5, P-graph)-free. Thus, G is F -free.
To show that (3) implies (1), we prove a series of lemmas.
Lemma 3.2. If G is a connected P5-free graph, then the Steiner distance of any set of three vertices of G is
at most 5.
Proof. Let G = (V , E) and let R = {a, b, c} be any set of three vertices of G. Then a Steiner tree T for
R is either a path or a subdivision of K1,3. Moreover, the leaves of T belong to the set R.
Suppose first that there is a Steiner tree T for R that is a path. In this case, we show that d(R) ≤ 4.
We may assume that a and c are the leaves of T . Then T [a, b] and T [b, c] are a–b and b–c geodesics,
respectively, in G and hence each has length at most 3 as G is P5-free. Since T is a Steiner tree for R, the
tree T is either an induced subgraph of G or, if this is not the case, the only edge in G[V (T )] that is not
in E(T ) joins the neighbours of b in T . On the one hand, if T [a, b] or T [b, c] has length 3, say T [b, c],
then by the P5-freeness of G we have that ab ∈ E(T ) (and a is adjacent with the other neighbour of b
in G), and so T has size 4, i.e., d(R) = 4. On the other hand, if neither T [a, b] nor T [b, c] has length 3,
then T has size at most 4, i.e., d(R) ≤ 4. Hence if T is a path, then d(R) ≤ 4.
Suppose now that no Steiner tree for R is a path. Then every Steiner tree for R is a subdivision of
K1,3. So the leaves of T are a, b and c . Let x be the vertex of degree 3 in T . Then T [a, x], T [b, x] and T [c, x]
are a–x, b–x and c–x geodesics, respectively, in G. Let xa, xb and xc be the neighbours of x on these three
geodesics, respectively. Since T is a Steiner tree, the edges of G[V (T )] that are not in E(T ) belong to the
set {xaxb, xbxc, xaxc}, but at most one of these edges belongs to G. Wemay assume xaxc, xbxc 6∈ E. Thus
both T [a, c] and T [b, c] are induced paths in G and hence each has length at most 3 as G is P5-free. On
the one hand, if c is not adjacent with x, then a and b are both adjacent with x and T [c, x] has length 2.
In this case, T has size 4, i.e., d(R) = 4. On the other hand, if c is adjacent with x, then T [a, x] and
T [b, x] both have length at most 2. In this case, T has size at most 5, i.e., d(R) ≤ 5. Hence if no Steiner
tree for R is a path, then d(R) ≤ 5. 
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Lemma 3.3. Let G be a connected F -free graph. Suppose G contains a g3-convex set S such that N[S] is
not g3-convex. Then N[S] has a subset R = {a, b, c} with I(R) 6⊆ N[S] such that
(a) if T is a Steiner tree for R with V (T ) 6⊆ N[S], then for each vertex v ∈ R the neighbours of v, if any, in
V (T ) \ R are in V \ N[S], and
(b) R ⊆ N[S] \ S.
Proof. Let G = (V , E). Since N[S] is not g3-convex there exists a set R′ of three vertices in N[S] such
that I(R′) 6⊆ N[S]. Among all such sets R′, let R = {a, b, c} be one for which d(R) is as small as possible.
Since I({a, b, c}) 6⊆ {a, b, c}, G[R] is not connected, and so d(R) ≥ 3. (By Lemma 3.2, d(R) = 3, 4 or 5.)
Let T be a Steiner tree for R that contains at least one vertex x 6∈ N[S].
We shall start by proving part (a). Suppose some vertex, say a, in R has a neighbour a′ 6∈ R in T . We
shall show that a′ ∈ V \ N[S]. Assume that a′ ∈ N[S]. If a is a leaf of T , then T − a is a Steiner tree
(of smaller size than T ) for {a′, b, c} ⊆ N[S] containing a vertex not in N[S], contrary to our choice
of R. Hence, a is not a leaf of T . Thus T = T [b, c] is a path and a is an internal vertex of this path. We
may assume that x lies on T [a, b]. If a′ is the neighbour of a on T [a, b], then T [a, b] is a Steiner tree for
{a, a′, b} ⊆ N[S] of smaller size than T containing a vertex not in N[S], contrary to our choice of the
set R. If a′ is the neighbour of a on T [a, c], then T [a′, b] is a Steiner tree for {a, a′, b} ⊆ N[S] of smaller
size than T containing a vertex not in N[S], contrary to our choice of the set R. Hence a′ 6∈ N[S], and
part (a) is proven.
We shall now prove part (b). If R is an independent set of vertices in T , then each of a, b, and c is
adjacent with a vertex in V (T )\Rwhich, by part (a), belongs to V \N[S], and so a, b, and c all belong to
N[S] \ S. Hence wemay assume that R is not independent in T , for otherwise, R ⊆ N[S] \ S, as desired.
Since G[R] is not connected, it follows that T contains exactly one edge from the set {ab, ac, bc},
say ab. Thus, c is adjacent with a vertex c ′ of V (T ) \ R in T , and one of a and b, say a, is adjacent with
a vertex a′ of V (T ) \ R in T . (Note it is possible that a′ = c ′.) By part (a), a′ and c ′ belong to V \ N[S],
and so {a, c} ⊆ N[S] \ S. It remains to show that b 6∈ S, i.e., b ∈ N[S] \ S. Note that the Steiner tree T
for R is either a path or a subdivision of K1,3. Since ab ∈ E(T ) and aa′ ∈ E(T ), the vertex a is not a leaf
in T . Hence, T = T [b, c] is a path with leaves b and c.
Suppose b ∈ S and let d be a neighbour of c in S. Since d(R) ≥ 3, we have b 6= d. Suppose a′ = c ′.
Then, dca′ab is a P5 in G. Let U = {a, a′, b, c, d}. If ad 6∈ E and bd 6∈ E, then G[U] is a P5. If {ad, bd} ⊂ E,
then G[U] is a house graph. If ad 6∈ E and bd ∈ E, then G[U] is a C5. If ad ∈ E and bd 6∈ E, then G[U]
is the P-graph. All four possibilities contradict the fact that G is an F -free graph. Hence, a′ 6= c ′. Thus,
T [a, c], which is necessarily an a–c geodesic in G, has length at least 3. By the P5-freeness of G, T [a, c]
has length at most 3. Hence, T [a, c] has length exactly 3. But then T = baa′c ′c is an induced P5 in G, a
contradiction. Thus, b 6∈ S. Hence, R ⊆ N[S] \ S, as desired. 
Lemma 3.4. If a connected graph G is F -free, then it satisfies Condition (1.3).
Proof. Suppose that G is F -free. Let S ⊆ V be an arbitrary g3-convex set in G. We show that N[S] is
g3-convex, i.e., that G satisfies Condition (1.3). Assume, to the contrary, that N[S] is not g3-convex. Let
R = {a, b, c} ⊆ N[S] be such that I(R) 6⊆ N[S] and d(R) is minimum with respect to this property. By
Lemmas 3.2 and 3.3, d(R) ∈ {3, 4, 5} and R ⊆ N[S] \ S. Let T be a Steiner tree for R containing a vertex
in V \ N[S]. Note that G[R] is disconnected, and hence contains at most one edge.
Suppose R ⊆ N(v) for some vertex v ∈ S. By Theorem 2.1, N[v] is g3-convex. In particular, the
Steiner tree T for R contains only vertices in N[v] ⊆ N[S], a contradiction. Hence, no vertex of S
dominates R, i.e., every vertex of S is a neighbour of at most two vertices in R. We consider two cases.
Case 1. No vertex in S is a neighbour of two vertices in R. Then each of a, b, and c has a private
neighbour in S, say a′, b′, and c ′, respectively. The Steiner tree T for R is either a path or a subdivision
of K1,3. Moreover, the leaves of T belong to the set R.
Suppose that T is a path. We may assume that a and c are the leaves of T . Then T [a, b] and T [b, c]
are a–b and b–c geodesics, respectively, in G. Since G[R] is disconnected, wemay assume that the path
T [a, b] has length at least 2. By Lemma 3.3, the neighbour of a in T does not belong to N[S]. Moreover,
every internal vertex of T [a, b] belongs to V \ N[S]; otherwise, we have a contradiction to our choice
of R. Thus, G[{a′, b′} ∪ V (T [a, b])] is either an induced C5 or contains an induced P5, contradicting the
fact that G is C5-free and P5-free. Hence, T is a subdivision of K1,3.
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The leaves of T are a, b and c. Let x be the vertex of degree 3 in T . Then T [a, x], T [b, x] and T [c, x]
are a–x, b–x and c–x geodesics, respectively, in G. By Lemma 3.3, the neighbour of each of a, b and c in
T does not belong to N[S]. Moreover every vertex of T [a, b] and T [a, c] not in R belongs to V \ N[S];
otherwise, we have a contradiction to our choice of R. Thus, T contains no vertices of N[S] \ R. Now
either T [a, b] or T [a, c] is an induced path, say T [a, b], otherwise T is not a Steiner tree for R. Then,
T [a, b] has length at least 2 and its internal vertices are in V \ N[S]. Thus, G[{a′, b′} ∪ V (T [a, b])] is
either an induced C5 or contains an induced P5, contradicting the fact that G is C5-free and P5-free.
Hence, Case 1 cannot occur.
Case 2. Some vertex y in S is a neighbour of exactly two vertices in R. We may assume that
N(y) ∩ R = {a, b}. Suppose that c is adjacent to one of a and b. We may assume that ac ∈ E, and
so, since G[R] is disconnected, b is isolated in G[R]. Then, d(R) = 3, and so V (T ) = {a, b, c, x}, for
some x ∈ V \ N[S]. Then, bx ∈ E and either ax ∈ E or cx ∈ E or both. But now, depending on which
of the edges ax and cx are present or absent in G, G[{a, b, c, x, y}] is either a C5, a P-graph, or a house,
contradicting the fact that G is F -free. Hence, c is isolated in G[R].
We may assume dT (c, b) ≤ dT (c, a). If dT (b, c) ≥ 5, then d(R) ≥ 6, contrary to Lemma 3.2. Hence,
dT (b, c) ≤ 4. If dT (b, c) ≤ 3, then it follows from Lemma 3.3 that every internal vertex of T [b, c]
belongs to V \N[S]. If dT (b, c) = 3, thenG[{y}∪V (T [b, c])] is a P5, a contradiction. If dT (b, c) = 2, then
for any neighbour c ′ of c in S, G[{c ′, y}∪V (T [b, c])] is either a house, a P-graph, C5, or P5, contradicting
the fact that G is F -free. Hence, dT (b, c) = 4.
Suppose that T is a path. Then, T = T [a, c] and T [a, b] and T [b, c] are a–b and b–c geodesics,
respectively, in G. In particular, T [b, c] induces a P5 in G, contradicting the fact that G is P5-free.
Hence, T is a subdivision of K1,3 with leaves a, b and c. Let xb be the neighbour of b in T . Since
dT (c, b) ≤ dT (c, a), we must have that axb ∈ E(T ), and so xb is the vertex of degree 3 in T . Since
dT (b, c) = 4, we have that dT (c, xb) = 3. Since T is a Steiner tree for R, T [c, xb] is a c–xb geodesic.
Thus once again, T [b, c] induces a P5 in G, a contradiction.
Since both Case 1 and Case 2 produce a contradiction, we deduce that our assumption that N[S] is
not g3-convex is incorrect. Hence, N[S] is g3-convex, i.e., that G satisfies Condition (1.3). 
It now follows from Lemma 3.4 that (3) implies (1), thus completing the proof of the theorem. 
4. Condition (1.2) and g3-convex sets
In this section we assume that all convex sets are g3-convex sets. Our aim is to establish some
necessary and some sufficient conditions for which Condition (1.2) holds. We begin with some
sufficient conditions.
Observation 4.1. If G is a connected F -free graph, then G satisfies Condition (1.2).
Proof. This follows from Observation 1.1 and Theorem 3.1. 
The sufficient condition in Observation 4.1 for a connected graph to satisfy Condition (1.2), is not
a necessary condition. For example, if G ∈ {C5, P-graph, P5}, then G satisfies Condition (1.2) but G is
not F -free.
In [1] those graphs for which every Lexicographic Breadth First (LexBFS) ordering is a 3SS ordering
are characterized.
LexBFS: Order the vertices of a graph G by assigning numbers from |V | to 1 as follows: For k from n =
|V | down to 1, assign the number k to an as yet unnumbered vertex v which has a lexicographically
largest vector (sn, sn−1, . . . , sk+1), where si = 1 if v is adjacent to a vertex numbered i and si = 0
otherwise, for k+ 1 ≤ i ≤ n.
Before stating the next result we require a fewmore definitions. A hole is a cycle of length at least 5.
A domino is the graph obtained from a 6-cycle by adding an edge between exactly one pair of vertices,
from the cycle, that are distance 3 apart on the cycle. An ordering v1, v2, . . . , vn of the vertices of
a graph G is a 3SS ordering if for every i, 1 ≤ i ≤ n, vi is a 3SS vertex in G[{vi, vi+1, . . . , vn}]. The
following theorem was established in [1].
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Theorem 4.2. Given a graph G = (V , E), the following are equivalent:
1. G is (twin C4, house, hole, domino)-free.
2. Every LexBFS ordering of V is a 3SS ordering.
As an immediate consequence we have the following:
Corollary 4.3. Every chordal graph satisfies Condition (1.2).
The fact that C5, P5, and the P-graph all satisfy Condition (1.2) shows that the class of graphs
satisfying Condition (1.2) cannot be characterized as theH-free graphs for some subfamilyH of F .
This suggests that graphs satisfying Condition (1.2) aremore difficult to characterize than those graphs
satisfying Conditions (1.1) or (1.3). However, we do have the following necessary condition for a graph
to satisfy Condition (1.2).
Proposition 4.4. If G is a graph which satisfies Condition (1.2), then G is (house, twin C4)-free and every
cycle in G of length at least 6 is well-bridged.
Proof. Suppose thatG = (V , E) satisfies Condition (1.2). Since Condition (1.2) implies Condition (1.1),
it follows from Theorem 2.1 that G is (house, twin C4)-free. Let C be a cycle in G of length ` ≥ 6. It
remains for us to show that C is well-bridged. Recall that the cycle C is well-bridged if it is well-
bridged at every vertex of C . Hence it suffices for us to prove that C is well-bridged at an arbitrary
vertex u ∈ V (C). As was noted by Farber and Jamison in [5], there is a bridge of C from u if and only if
for some antipode v of u on C , we have dG(u, v) < dC (u, v). We consider two cases.
Case 1. Suppose that ` = 2k, k ≥ 3, is even. Let C = ux1x2 . . . xk−1vyk−1yk−2 . . . y1u. Then the
only antipode of u in C is v. If x1y1 ∈ E or if u is adjacent in G to a vertex in V (C) \ {x1, y1}, then C
is well-bridged at u. Hence we may assume that x1y1 6∈ E and that x1 and y1 are the only vertices
of C that are adjacent with u in G. Since G is twin C4-free, not both of x1y2 and y1x2 can be present
in G, say x1y2 6∈ E. Thus, G[{x1, y1, y2}] is disconnected, and so the path x1uy1y2 is a Steiner tree for
{x1, y1, y2}. Since {x1, y1, y2} ⊆ Nk−1(v), the g3-convexity of Nk−1(v) thus implies that u ∈ Nk−1(v),
i.e., dG(u, v) < k = dC (u, v). Hence, C is well-bridged at u, as desired.
Case 2. Suppose that ` = 2k + 1 is odd where k ≥ 3. Let C = ux1x2 . . . xkykyk−1 . . . y1u. Then,
u has two antipodes in C , namely xk and yk. Assume, to the contrary, that C is not well-bridged at u.
Then, dG(u, xk) = dG(u, yk) = k and x1y1 6∈ E. Thus, x1 and y1 are the only vertices of C that are
adjacent with u in G. As G is twin C4-free, not both of x1y2 and y1x2 can be present, say x1y2 6∈ E.
Thus, G[{x1, y1, y2}] is disconnected, and so the path x1uy1y2 is a Steiner tree for {x1, y1, y2}. Since
u 6∈ Nk−1(xk), but {x1, y2} ⊆ Nk−1(xk), the g3-convexity of Nk−1(xk) thus implies that y1 6∈ Nk−1(xk);
hence yixi+1 6∈ E for i = 1, 2, . . . , k − 1 and, by symmetry, xiyi+1 6∈ E for i = 1, 2, . . . , k − 1 and
x1 6∈ Nk−1(yk).
Since dG(u, xk) = k, we have that x3y1 6∈ E. Now, G[{y1, x2, x3}] is disconnected, {y1, x2, x3} ⊆
Nk−1(yk), and u 6∈ Nk−1(yk), and so by g3-convexity of Nk−1(yk), the path x3x2x1uy1 is not a Steiner
tree for {x2, x3, y1}. Therefore, we must have d({x2, x3, y1}) = 3. Hence there exists a vertex z such
that zy1 ∈ E and either zx2 ∈ E or zx3 ∈ E. If zx3 ∈ E, then the cycle C ′ = zx3x2x1uy1z, being of length 6,
must be well-bridged. Thus, C ′ is well-bridged at every vertex of C ′. In particular, C ′ is well-bridged at
u. Hence, dG(u, x3) < dC ′(u, x3) = 3. But then dG(u, xk) < k, a contradiction. Hence, zx3 6∈ E, and so
zx2 ∈ E.
Suppose z 6∈ V (C). Then, the cycle C ′′ = zx2x3 . . . xkykyk−1 . . . y1z, being of length at least 6, must
be well-bridged. Since C ′′ has even length, the distance in G from xk to its antipode y1 must satisfy
dG(xk, y1) < dC ′′(xk, y1) = k, contradicting the fact that y1 6∈ Nk−1(xk). Hence, z ∈ V (C). Thus we
must have that z = y2.
If k > 3, then the cycle C ′′′ = y2x2x3 . . . xkykyk−1 . . . y2, being of length at least 6, must be
well-bridged. Since C ′′′ has even length, the distance in G from xk to its antipode y2 must satisfy
dG(xk, y2) < dC ′′′(xk, y2) = k − 1, again contradicting the fact that y1 6∈ Nk−1(xk). We may thus
assume that k = 3. Then the graph consisting of the 7-cycle C together with the edge x2y2 must be
induced in G.
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Since G[{x3, y1, y2}] is disconnected, the path x3y3y2y1 is a Steiner tree for {x3, y2, y1}. Hence since
{x3, y1, y2} ⊂ N2(x1), the g3-convexity of N2(x1) thus implies that y3 ∈ N2(x1). Hence, d(x1, y3) ≤ 2.
Since d(u, y3) = 3, d(x1, y3) ≥ 2. Consequently, d(x1, y3) = 2. So there is a vertex z (not on
C) that is adjacent with both x1 and y3. Hence, C∗: uy1y2y3zx1u is a 6-cycle and thus well-bridged.
Therefore this cycle is well-bridged at every vertex of C∗. In particular, C∗ is well-bridged at u. Hence,
dG(u, y3) < dC∗(u, y3) = 3, a contradiction. We deduce, therefore, that the original cycle C must have
been well-bridged at u, as desired. 
Remark 4.5. We do not know of a graph G that is (house, twin C4)-free and for which every cycle of
length at least 6 is well-bridged that does not satisfy Condition (1.2).
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